ABSTRACT. The space of toroidal automorphic forms was introduced by Zagier in the 1970s: a GL 2 -automorphic form is toroidal if it has vanishing constant Fourier coefficients along all embedded non-split tori. The interest in this space stems (amongst others) from the fact that an Eisenstein series of weight s is toroidal for a given torus precisely if s is a non-trivial zero of the zeta function of the quadratic field corresponding to the torus.
INTRODUCTION
A classical theorem of Hecke (cf. Hecke [11] Werke p. 201) shows that on the modular curve X(1), the integral of an Eisenstein series along a closed geodesic of discriminant d > 0 is essentially the zeta function of the number field Q( √ d). As was observed by Don Zagier in [20] , the formula fits into a more general framework, where integrals of automorphic forms for global fields over tori (of any discriminant) evaluate to L-series. The approach in [20] is to define a space of so-called toroidal automorphic forms by the vanishing of these integrals for varying tori, and the author calls for an (independent) understanding of the space of toroidal automorphic forms, after which one may hopefully apply the gained knowledge in combination with the generalization of Hecke's formula to deduce something about zeta functions. For example, if the irreducible subrepresentations of the space of toroidal automorphic forms are tempered, the Riemann hypothesis follows. This seems for now an elusive programme, but see [6] for a case study for some function fields. In this paper, we study the space of toroidal automorphic forms in its own right. We use our increased knowledge (compared to the 1970s, when [20] was written) about the decomposition of the space of automorphic forms for a general number field (by Franke), toroidal integrals of cusp forms (by Waldspurger in his study of the Shimura correspondence), and non-vanishing of quadratic twists (by the method of multiple Dirichlet series, essentially in the works of Friedberg, Hoffstein and Lieman) to prove the following theorem, which summarizes our main results. Note that in light of the previous paragraph, we avoid using any unproven hypothesis about the zeros of L-series. 
Theorem. The space of toroidal automorphic forms for an arbitrary number field decomposes into an Eisenstein part and a cuspidal part. More precisely,
We will use the next section to set up notation and give precise definitions of the spaces involved.
1.1. Remark. How many derivatives of Eisenstein series will be toroidal? It is reasonable to expect that the only multiplicities in the zeros of L-functions of a number field F arise from multiplicities in the decomposition of the regular representation of the Galois group of the normal closure of F/Q (following the Artin formalism of factorisation of L-series). The Rudnick-Sarnak theory of statistical distribution of zeros of principal primitive Lseries (cf. [16] , [15] , §5) indicates that the zeros of different such principal primitive Lseries should be uncorrelated. For example, for F = Q, all zeros of the Riemann zeta function are expected to be simple.
But of course, as soon as F/Q is non-abelian, there will be such multiplicities arising from irreducible representations of the Galois group of higher dimension. Cf. also the possibility that a Galois extension N/Q contains two distinct subfields that are arithmetically equivalent (corresponding to two subgroups of the Galois group G from which the trivial representation induces the same representation of G, cf. [12] ), hence have the same zeta function, whose zeros will then occur with multiplicity in the zeta function of N.
1.2.
Remark. Our way of averaging toroidal integrals over tori is by relating them to twists of L-series, and then using standard techniques to average those. Is there a direct way to average toroidal integrals, e.g. by a Rankin-Selberg unfolding of an Eisenstein series twisted with toroidal integrals? Compare with [5] .
1.3. Remark. For global function fields, methods more akin to the geometric Langlands programme allow one to prove that the space of toroidal automorphic forms is finite dimensional, and one can control the linear relations between Eisenstein series in a very precise way, leading to an actual dimension formula for the Eisenstein part of the space of toroidal automorphic forms, cf. [13] .
DEFINITION OF TOROIDAL AUTOMORPHIC FORMS
2.1. Notation. Let F be a number field, F v be the completion at v, A = A F the adeles of F . Set G = GL(2) and let Z be its center. Let A be the space of automorphic forms for G over F with trivial central character.
2.2. Notation. Let T ⊂ G be a maximal non-split torus defined over F , χ T the corresponding character on the idele class group and E = F T the corresponding quadratic field extension of F . This means that there is a non square d ∈ F such that E/F is generated by a square-root of d and that T (F ) is conjugated in G(F ) to the standard torus
Definition. The zeroth Fourier coefficient w.r.t. T (or T -toroidal integral)
of an automorphic form f ∈ A is defined to be the function
Definition.
(i) The space of T -or E-toroidal automorphic forms for F is
(ii) The space of toroidal automorphic forms for F is
where the intersection is taken over all quadratic field extensions E/F .
2.5.
Remark. These definitions are independent of the choice of torus corresponding to E/F since they are conjugacy invariant. The space A is an automorphic representation of G(A) for right translation by G(A). By [8] applied to GL(2), the space A decomposes into a direct sum of automorphic representations as follows:
where A 0 is the space of cusp forms, E is the space generated by the derivatives of Eisenstein series and R is generated by the residues of these Eisenstein series and their "derivatives". We will give the precise definitions of E and R in sections 3 and 5, respectively. Multiplicity one holds for GL (2) , hence if π is any subrepresentation of A , it inherits this decomposition, since it is determined by its isomorphism type. In order to investigate the space of toroidal automorphic forms A tor , which is an automorphic representation by its very definition, it thus suffices to investigate
TOROIDAL INTEGRALS OF EISENSTEIN SERIES:
A FORMULA OF HECKE 3.1. Notation. Let χ denote a character of the idele class group I = F × \A × . We can
for some finite order character ω, and we will sometimes regard a function of χ as a function of s 0 (assuming ω to be fixed). We set Re(χ) = Re(s 0 ) − 1 2 . We also remark that the shift in s 0 by − 1 2 is in accordance with the usual convention in the adelic theory of Eisenstein series, putting the center of symmetry at 0.
We define the principal series
where a function f : G(A) → C is smooth if it is smooth in the usual sense at archimedean places and locally constant at finite places. Let f ∈ P(χ) be embedded in a flat section f χ of the principal series, i.e. there exists a function f χ (s) of s ∈ C such that f χ (s) ∈ P(χ | | s ) with f = f χ (0) and f χ (s)(e) = f (e) for all s ∈ C, where e = 1 0 0 1 . Note that every f ∈ P(χ) is embedded into a unique flat section. In the following, we will write f = f χ (0) ∈ P(χ) to refer to this situation. We define the (completed) Eisenstein series as
in terms of meromorphic continuation. Here L(χ 2 , 1/2) denotes the completed L-series, i.e. including the factors at infinity. Note that E(g, f ) is defined for all f = f χ (0) unless χ 2 = | | ±1 , when the Eisenstein series has a simple pole. At these values of χ the residues of the Eisenstein series define automorphic forms, which will be investigated in section 5-these values of χ characterize the cases where the principal series P(χ) is not irreducible as an automorphic representation of G(A).
Also note that the symbol "E" is now in use for both a field E/F and a function E(g, f ), but this should cause no confusion.
We now compute the toroidal integrals of Eisenstein series. Statement (i) in the theorem below is the adelic formulation of a theorem of Hecke ([11] ). In this formulation, it was first stated by Zagier [20] .
Theorem. Let T be a maximal torus in G corresponding to the quadratic field extension E/F . Let χ E : I → C
× be the quadratic character whose kernel equals the norms of A E . For every f = f χ (0) ∈ P(χ), every g ∈ G A and every character χ : I → C × , there exists a holomorphic function e T (g, f χ (s)) of s ∈ C with the following properties.
) .
(ii) For every g ∈ G A and χ : I → C × , there is a f ∈ P(χ) such that e T (g, f ) = 0.
Proof. The strategy of the proof is as follows: we first prove (i) for Re(χ) sufficiently large, so we are in the region of absolute convergence. We rewrite the Eisenstein series conveniently as a certain adelic integral. Then a change of variables identifies its toroidal integral with a Tate integral for an L-series of E.
Rewriting the Eisenstein series. First, we explain how to represent E(g, f ) by a certain adelic integral, and then the statement in (i) is a simple application of a change of variables. Let ϕ be a Schwartz-Bruhat function on A 2 . Then
is a Tate integral for L(χ 2 , 1), which converges if the real part of χ is larger than 1/2 (the square of the character χ occurs because in the above integrand χ(det(z)) = χ(z)
2 ). One verifies easily that F (·, ϕ, χ) is an element of P(χ).
In [19, Ch. VII, §7], Weil defines a particular test function ϕ 0 (the "standard function") with the property that for e = 1 0 0 1 ,we have
for a nonzero constant c F that only depends on the field F . Thus
for an f ∈ P(χ) with f (e) = 1; in particular, F (·, ϕ 0 , χ) is a non-trivial element of P(χ).
We note that for every g ∈ G(A), the function ϕ 0 ( · g) is a Schwartz-Bruhat function, too. Since P(χ) is irreducible, the integrals F (g, ϕ, χ) for varying ϕ exhaust all products of the form L(χ 2 , 1)f (g), where f ∈ P(χ). Thus there is a Schwartz-Bruhat function ϕ = ϕ(f ) for every f ∈ P(χ) such that
where the equality has to be interpreted in terms of meromorphic continuation. Since for all ϕ, the Tate integral (1) is a multiple of L(χ 2 , 1), there exists f ∈ P(χ) for every Schwartz-Bruhat function ϕ such that equation (2) holds true.
Computing the toroidal integral. With this reformulation at hand, we can prove the theorem precisely as it has been done by Zagier in [20] : by identifying T (F ) with E × and T (A F ) with A × E and using Fubini's theorem, the toroidal integral of E(g, f ) is changed into a Tate integral for an L-series of E. Explicitly,
we identify the "domain of integration" with
, and note that this identification is compatible with measures. Hence
E . This is a Tate integral for L E (χ • N E/F , 1/2) and factors in a product of two L-series as in (i), thus giving (i) for Re(χ) sufficiently large. Statement (i) now follows for all characters by meromorphic continuation in s since both sides are meromorphic functions of s ∈ C.
Non-vanishing of the 'constant'. For (ii), note that for the non-vanishing of e T (g, f ) follows from the fact that we can choose ϕ such that the test function Φ is again the standard function as described by [19, Ch. VII, §7], and then
is a nonvanishing holomorphic function of s.
In order to accord for possible multiple zeros of L-series, we need to also take into account higher derivatives of Eisenstein series.
Notation.
(i) We denote by E (n) (g, f ) the n-th derivative of E(g, f χ (s)) w.r.t. s at s = 0. (ii) We denote by E the space of automorphic forms that is generated by all derivatives E (n) (·, f ) of Eisenstein series, where n 0 and f ∈ P(χ) with χ varying through all idele class group characters whose square is not trivial.
and by e (n)
T (g, f ) the n-th derivative of the function e T (g, f χ (s)) at s = 0. 3.4. Definition. We say χ is a zero of L(·, 1/2) of order n if L (i) (χ, 1/2) = 0 for all i < n but = 0 for i = n, and then we write ord χ L(·, 1/2) = n.
Proposition. Let T be a maximal non-split torus in G and n a non-negative integer.
(i) For all g ∈ G A and χ such that
(ii) The n-th derivative
an Eisenstein series is E-toroidal if and only if χ is a zero of
Proof. The first part follows from the Leibniz rule. For (ii), use (i) and observe the following:
• The derivatives e (i) T (g, f ) are non-zero as function of f , as is easily seen from (3).
• If E (m) (g, f ) is E-toroidal, then so is E (n) (g, f ) for all n < m since E (m) generates an automorphic subrepresentation of the space of toroidal automorphic forms that contains all derivatives of lower order. This finishes the proof.
AN APPLICATION OF DOUBLE DIRICHLET SERIES: TOROIDAL EISENSTEIN SERIES
In this section we will prove the following: 1 2 ) of order at least n. Hence
an Eisenstein series is toroidal if and only if χ is a zero of L(·,
Proof. Recall that we know from the computation of toroidal integrals in Proposition 3.5 when the n-th derivative E (n) (·, f ) of an Eisenstein series is E-toroidal. It suffices to prove that for all χ there exists a quadratic E/F such that L(χχ E , 1/2) = 0. This follows from Theorem 4.2 below.
As before, we now write χ = ω · | | s 0 − 1 2 for a finite character ω, where we consider s = s 0 ∈ C as varying parameter. We use the notation L(ω, s) for L(χ, 1/2).
Theorem. Let F denote a number field, let ω denote a class group character on F .
Then there exists a quadratic field extension E/F such that L(ωχ E , s) = 0.
4.3.
Remark. Before we start with the proof, we make some incomplete historical remarks. Non-vanishing of quadratic twists can be proven by sieve methods, but only for a restricted set of number fields. A method that works more uniformly is that of multiple Dirichlet series (so Fourier coefficients of metaplectic Eisenstein series); unfortunately, the result we need is not literally in the existing literature on multiple Dirichlet series, but rather arises from a combination of existing methods. We observe that for Re(s) = 1 2 , the result can be proven using "unweighted" double Dirichlet series (see Chinta, Friedberg and Hoffstein [3] Thm. 1.1). To extend to the (for us interesting) range Re(s) = , one needs to analytically continue the double Dirichlet series with weights; for higher order characters and a general number field, this is done by Friedberg, Hoffstein and Lieman in [10] ; and for quadratic twists of function fields by Fisher and Friedberg [7] . It is the methods of these latter two sources that we will combine. Since proofs of many facts are literally the same, we will not repeat them here, but we will set up all required notations. One can go a (small) step further and combine the method with Tauberian theorems to establish lower bounds on the number of non-vanishing twists of bounded conductor, but we will not need those. Also, we refrain from discussing averaging of toroidal integrals directly, without first relating them to L-series, cf. also Remark 1.2.
Proof of Theorem 4.2.
First note that the L-series we consider are 'completed' by the correct archimedean factors, so they do not have trivial zeros outside the critical strip.
Because of the functional equation, we can asume that 1 2 Re(s) 1. Since L(ωχ E , s) does not vanish on Re(s) = 1 ([14] Ch. 1, §4), we can even assume 1 2 Re(s) < 1. The strategy of the proof is now the following: we assume by contradiction that all non-trivial twists L(ωχ E , s) vanish at s = s 0 . Then the (analytically continued) double Dirichlet series Z 0 ω (s, w) (to be defined below), with the trivial twist extracted, vanishes identically in w for s = s 0 . But it has residue at w = 1 a non-zero constant times L(ω, 2s 0 ). Hence we find L(ω, 2s 0 ) = 0, and this is impossible if 1 2 Re(s 0 ) < 1.
To define the double Dirichlet series in a rigorous way, we follow [10] , §1. Since the class number of F is not necessarily one, the most natural double Dirichlet series (and the one that has a natural analytic continuation and set of functional equations) doesn't only sum over quadratic twists χ E , but rather over more general characters on a ray class group. We now introduce this series first.
Let S = S f ∪ S ∞ denote a finite set of places of F that contains all infinite places S ∞ of F and a set S f of finite places such that the ring of S f -integers has class number one. For v a finite place corresponding to an ideal p v , let q v = |O/p v |. Set C = v∈S f p nv v , where n v = 1 for v not above 2, and for v above 2, n v is so large that any a ∈ F v with ord v (a − 1) n v is a square in F v . Let H C denote the ray class group of modulus C, let h C := |H C | and set
Choose generators b i for Z /a i , and choose a set E 0 of ideals prime to S that represent the b i . For any E 0 ∈ E 0 , let m E 0 denote an element of F * that generates the (principal) ideal E 0 O S . Let E denote a set of representatives of R C that are of the form E = E n E 0 0 , where the E 0 are elements of E 0 and the n E 0 are natural numbers, and set m E = m
with the convention that O ∈ E with m O = 1. Then EO S = (m E ). Let I(S) denote the set of fractional ideals coprime to S f . For d, e ∈ I(S) coprime, write d = (a)EG 2 with E ∈ E , a ∈ F * , a ≡ 1 mod C, G ∈ I(S); and define
This is well-defined (cf. [10] , Prop. 1.1), it does not depend on the decomposition of d (but it does depend on the choice of m E ). For d principal, χ d is the usual quadratic character for 
where µ is the Möbius function. Let ρ denote a character on the idele class group unramified outside S; this will be used later on to filter out principal ideals, which are the ones we are interested in. We define the double Dirichlet series as
This is convergent for Re(s) and Re(w) sufficiently large (say, 1). The following properties are proven in exactly the same way as in [10] (The only difference to [10] , which treats the case of twists by characters of higher order, is the set of functional equations, which here is of order 12 instead of 32, cf. 
Notice that the computation of this residue (as the limit at w = 1) even makes sense when s = 1/2 and ρ = ω 2 = 1, so L(ω 2 , 2s) itself has a simple pole. It indicates that Z ω,ρ (s, w) acquires a higher order pole at w = 1. , w) around w = 1 -there is a double pole -but we will not need it here.) Let 
Hence Z 0 ω (s, w) inherits an analytic continuation from Z ω,ρ (s, w). Using the above computation of residues, we find that (5) lim
where c is some non-zero constant.
We can now finish the proof of the theorem. We are assuming that all 'principal' twists
Re(s 0 ) < 1. Note first that this obviously implies the vanishing of all twists for the modified L-series with the S ∪ S d -Euler factors removed.
A slight complication arises since the s 0 we consider are outside of the region of absolute convergence of the series Z 0 ω (s, w), but we can use a convexity estimate to get that for such s 0 and Re(w) large enough, the double Dirichlet series Z 0 ω (s 0 , w) as defined in (4) will also converge. This is because of Phragmén-Lindelöf estimates in the d-aspect of the form
is identically zero for Re(w) sufficiently large, hence after analytic continuation, it is identically zero in w. (Note that we subtract the coefficient for the trivial twist, of which we do not know it vanishes.)
We find in particular that lim (5), we find that L(ω 2 , 2s 0 ) = 0 with 1 Re(2s 0 ) < 2, which is impossible. This finishes the proof.
TOROIDAL RESIDUES OF EISENSTEIN SERIES
Let χ be a character of the idele class group such that χ 2 = | | ±1 and f = f χ (0) ∈ P(χ). Then the Eisenstein series E(g, f χ (s)) has a simple pole at s = 0, but the residue
is an automorphic form. More generally, we consider the "derivatives"
5.1. Definition. Define R as the space of automorphic forms that is generated by the functions R (n) (g, f ), where n 0, f ranges through P(χ) and χ ranges through all characters on the idele group such that χ 2 = | | ±1 .
5.2.
Theorem. R tor = {0}.
Proof. We compute the toroidal integral of R(g, f ) for a torus T corresponding to a quadratic field E:
).
Recall that χ 2 = | | ±1 , hence χ | | ∓1/2 is quadratic, so either trivial or by class field theory equal to χ E for some quadratic field extension E/F . In the case that E is nontrivial, we have that
where ζ F is as usual the completed zeta function of F with poles at 0 and 1, so
has a pole at s = 0 (for both choices of sign). Hence, by the above formula for R T (g, f ), the toroidal integral of R T (g, f ) for this E cannot vanish, since the other factor L(χ, 1/2) does not vanish. If χ | | ∓1/2 is trivial, then we choose an arbitrary non-split torus T . We find that
has a pole at s = 0, but the other factor in the above computation of the toroidal integral,
doesn't vanish at s = 0. This also implies that R (n) (g, f ) cannot be toroidal, since R(g, f ) is contained in the automorphic representation generated by this automorphic form. Proof. We claim that if T ⊂ G is a maximal torus defined over F , then (6) π is T -toroidal if and only if L(π, In particular, there is such a non-split torus, and we are again done using (6). This deals with all possible cases. × such that L(π ⊗ χ d , 1/2) = 0, but without the claim that χ d is nontrivial. However, if there exists one such d (square or not), there exist infinitely many, as may be seen from Lemma 7.1 in [1] , which shows that the Dirichlet series occuring as Mellin transform of the series t(σ) on p. 289 of the proof in [18] cannot have only finitely many non-zero coefficients.
6.3. Remark. There do exist number fields F over which there is a cusp form π with L(π, 1/2) = 0, cf. Waldspurger [18] , Remark on p. 282 (a cuspidal lift to an imaginary quadratic field of a classical holomorphic cusp form).
